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The Gauss-Markov theorem provides a golden standard for constructing
the best linear unbiased estimation for linear models. The main purpose of
this article is to extend the Gauss-Markov theorem to include nonparametric
mixed-effects models. The extended Gauss-Markov estimation (or prediction)
is shown to be equivalent to a regularization method and its minimaxity is
addressed. The resulting Gauss-Markov estimation serves as an oracle to guide
the exploration for effective nonlinear estimators adaptively. Various examples
are discussed. Particularly, the wavelet nonparametric regression example and
its connection with a Sobolev regularization is presented.
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1. INTRODUCTION

Consider a process Y observed through the model
Y =Af + ce. (1)

The function of interest, f, is defined on an index set 7. The index set 7
can be an interval, a set of finite elements, or a set of countable elements.
The error process € is zero mean and is defined on an index set J with a
known covariance kernel R. A is a linear mapping from Ly[7T] to Lo[J].
When A is the identity mapping, the signal f is observed directly with
noise. Otherwise, the signal is observed indirectly through A with noise.
The underlying function f is modeled via nonparametric mixed-effects.
That is,

m

F(&) =" Brou(t) +62(t), tin T, (2)

k=1

where ¢ (t) are known functions, §; are fixed but unknown coefficients,
Z(t) is a zero mean process with a covariance kernel E[Z(t)Z(s)] = W(t, s)
and Z(t) is independent of €. The ratio §/o is assumed known. Knowledge
of the ratio §/o together with the identifiability condition for 8 (in Section
2) will be necessary and sufficient for the identifiability of the nonpara-
metric mixed-effects model discussed later. One may assume that both o
and 0 are known and set & to one without loss of generality. But then
the modeling assumption will be more restricted than only assuming the
knowledge of the ratio.

The mixed-effects models described in (1) and (2) are often used in the
analysis of longitudinal data or curve data. (See Laird and Ware, 1982;
Ramsay, 1982; Besse and Ramsay, 1986; Ramsay and Dalzell, 1991; Ander-
son and Jones, 1995; among many others.) They also appear in the litera-
ture of spline smoothing and nonparametric Bayesian regression (Kimeldorf
and Wahba, 1970 and 1971, Wahba, 1978 and 1990, and Barry, 1986). In
this article we extend the Gauss-Markov Theorem for linear mixed-effects
models to the nonparametric mixed-effects models. In contrast to using
traditional linear algebra approach, we use analysis tools involving repro-
ducing kernel Hilbert spaces. We find it quite natural to describe the space
of fixed effects and the space of random effects via subspaces of a certain
reproducing kernel Hilbert space (RKHS) and the penalty in the associ-
ated regularization can also be naturally represented by a semi-norm of
the RKHS. The technical development of extended Gauss-Markov Theo-
rem provides an unified and illuminating perspective for constructing linear
estimators or predictors for various models. There are often parameters in-
volved in the extended Gauss-Markov Theorem. When there is no prior
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knowledge about these parameters, one needs to estimate them based upon
the data. Is then the extended Gauss-Markov Theorem of no practical
value? The answer is no. The extended Gauss-Markov Theorem provides
an oracle! Although it results in a linear estimator which often involves
with unknown parameters, this linear estimator can serve as a useful guid-
ance for exploring proper and effective nonlinear estimators. The reader is
referred to Huang and Lu (2000) for an application of the extended Gauss-
Markov Theorem to wavelet nonparametric regression.

The article is organized as follows. In Section 2, the Gauss-Markov
estimation is extended to a more general setting to include nonparametric
mixed-effects. The extended Gauss-Markov estimation is the so called best
linear unbiased prediction (BLUP) because it is linear, unbiased and it
minimizes the mean square error. In Section 3, a regularization method
via functional penalized least squares (PLS) is described. The BLUP can
be obtained as a functional PLS estimator, where the minimaxity of this
regularization method is connected to that in Li (1982). There is also an
intrinsic linkage between the functional PLS regularization and the Sobolev
regularization in wavelet shrinkage presented in Section 3. The normal
equations are derived in Section 4. In Section 5, a generalization to the
case that the signal f is observed through an affine mapping is investigated.
Ilustration examples and discussion are given in Section 6.

2. THE EXTENDED GAUSS-MARKOV THEOREM

2.1. Preliminaries
A couple of notations and properties are introduced below.

o Let Ho be the Hilbert space linearly spanned by {¢x(t),k =1,...,m}
and equipped with the Ls[7]-norm. (The specific norm chosen here will
not affect the result of Gauss-Markov estimation nor the corresponding reg-
ularization discussed later. It is simply a choice of convenience for writing
down normal equations in Section 4.)

o Let Hyy be the RKHS generated by the covariance kernel W of the
process Z(t).

e Define H1 = Hy ® Hyy, which is a RKHS.

o Let Hr be the RKHS generated by the error covariance kernel R.
Assume that R has a positive discrete spectrum, i.e., an eigenfunction-
eigenvalue decomposition with all (countably many) eigenvalues positive.

e Now A is a linear mapping from Ls[7] to L2[J]. When dealing with
fixed effects, we confine A to be from Hy to Hir and use the notation
Ary—rz) for the operator itself and use notation A% ., . for its ad-
joint. When dealing with random effects, we confine A to be from Hyy
to Hr and use the notation Ay, 3, for the operator itself and use
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notation A*HR—WW] for its adjoint. The adjointness of a pair of opera-
tors depends on the norms employed in the involved linear spaces. The
reader should be cautioned that the Hgr-adjointness is not equal to the
Ly[J]-adjointness. For instance, one can consider the above bounded lin-
ear mapping Ay, ). The Hg-adjoint operator, A[H ERVAT has the
property that for f in H; and h in Hg,

(Atnraths £), = (B Ay

while the Lo[J]-adjoint operator, A[*L2(j)_>Hl], means that the adjoint op-
erator is derived as if the linear space Hg is equipped with the Ly[J]-norm.
The adjoint operator A o(T)—Ha] has the property that for f in H; and A
in Hg,

(Aitair b 1), = (b Af)pg)-

e Let L3 denote an arbitrary bounded linear functional on an arbitrary
RKHS H of functions on 7. The symbol L{; 3; may be also used to denote
its dependence on a particular ¢ in 7.

e Let £[; 5 denote the evaluation functional on H defined by £ (k) =
h(t) for h in H.

e Let M be the reproducing kernel of a RKHS H. The notation (L ) ®
Ly 137)M is used to denote the bi-linear functional

where L(‘.EH] means L; [y is applied to what follows as a function of (-).

/L7

The subscripts may be suppressed from various symbols to keep notation
simple when there is no ambiguity.

2.2. Extended Gauss-Markov Theorem

Adopting the conventional terminology, the estimators of random effects
are predictors and the estimators of fixed effects are estimators. If there is
no ambiguity, estimators or predictors are used without distinction.

DEFINITION 2.1. A predictor f(t) is the best linear unbiased prediction
(BLUP) for f(t) if and only if

) is linear in'Y in the sense that f( ) can be represented as Liy 1,]Y
t) is unbiased in the sense that, Ef(t) = Ef(t) for all t in T, and

(¢
(
(t) has the minimum mean square error, that is, E(f(t) — f(t)? <
) — f(t))? for all t in T, among all linear unbiased estimators f(t).

o
!
f

E(f(t
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The covariance kernel for random effects are supposed to satisfy the
conditions:

/TW(t,t)dt< oo and /T/TWQ(t, s)dsdt < co. (3)

If 7 is a finite set or a set of countable elements, the Lebesgue measure dt
should be replaced by the counting measure. The condition fT W(t,t) dt <

oo ensures that the sample path of Z(t) is in Lo[7] a.s. Meanwhile, the con-
dition [ [ W?2(t, s)dsdt < oo ensures that the kernel W has an eigenfunction-
eigenvalue decomposition by the Hilbert-Schmidt theorem (Reed and Si-
mon, 1972; Wahba, 1990). Thus, there exists a complete orthonormal basis

of Lo[T], {¢1(t),¢2(¢),...}, and eigenvalues Ay > Ay > ... > 0 such that
W has the decomposition

W(Sa t) = Z )\uwu(s)wu(t)'

Thus, the process Z(t) has a representation, the so called Karhunen-Loeve
representation,

Z(t) ~ Z’YV ¢u(t), (4)

where ‘~” means ‘equal in distribution’, v, = fT Z(t), (t)dt, v =1,2,...
are a sequence of uncorrelated random variables with zero means and vari-
ances Ay, Ag, . ...

When there are only finitely many non-zero eigenvalues, the prior model
(2) reduces to a linear parametric mixed-effects model:

m J
f(t) = Zﬁk¢k (t) + Z%lbu(t), tinT. (5)
k=1 v=1

The Gauss-Markov Theorem for parametric models (i.e., the BLUE for
fixed-effects models or the BLUP for mixed- or random-effects models) has
been discussed, for instance, in Harville (1976) and Robinson (1991). As for
the nonparametric model, there are discussions in the literature of spline
smoothing (Kimeldorf and Wahba, 1971, Wahba, 1978, Wang, 1998). This
article complements as well as generalizes the Gauss-Markov estimation
in Kimeldorf and Wahba (1971, Section 7), Wahba (1978) and Harville
(1976). It also aims to provide an interesting link to the work by Li (1982).
Following is a key lemma for establishing the Gauss-Markov Theorem later.
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LEMMA 2.1. Let Haq be a RKHS of functions defined on index set J
with kernel M. Assume the kernel M has a positive discrete spectrum:
MG ) = 3, A hi(Ohy (<), where A > AP > L0 > 0 and
{h; : 7 > 0} forms a complete orthonormal basis for Lo[> J]. Let H
be a RKHS of functions defined on index set T and Ajp_3,,) be a one-
to-one linear mapping from H to Haq. Then the unique solution to the
following minimization problem

Lr[iljn] (L[HM] ® L[HM]) M, subject to Ly, A—tra] = Lit, 1) (6)
M

s given by

1
opt *
L[flM] = leny (A[HM*’H]A[H_’HM]) Ay =

Proof: Let Ly, be an arbitrary bounded linear functional on Hq sat-
isfying the constraint Ly, An—a = 1 and put Apy, ) = L —
Lfﬁ;]. Then Ay, Ar—rn] = 0, a zero linear functional on H. It is true
that

(L) @ Lipeng) M
= (L © L) M+ (B © D) M+ 2 (L) © Apg ) M
= (prt O LY, )M (A ® D)) M,

if one can show that (Lf Pt ]® A[HM]> M = 0. Then the minimum
is achieved by taking Apy,,) = 0. Therefore, it is left to show that

(prt ] ®A[HM]) M=0.

Let dj = Aq,,)hj. Then

(Lff‘i/l] & A[HM]) M
( f[t H] (A*A)_lA* & A[’HM]) M

= L (AT (P a0 arhy)

The term > d; )\(M)A
property. For every peH

(Y a0 arn;, ¢>H = (X a2, A¢>H

= <Z djh;, A¢>L2m = ApaAp—rp ¢ = 0.

[HM ’H]hj is an element in H with the following

M



EXTENDED GAUSS-MARKOV THEOREM FOR NPMEM 7

Thus, 3 dA At gk = 0 and then (L{, | @ Apeu) M = 0.
Q.E.D.

Based on the eigenfunction-eigenvalue decomposition of M, one can de-
fine M to be the bounded linear operator on Hq by Mh; = A§M)hj. That
is, M is induced by the kernel M. Since that AFHM_'H] = A[*L2(j)_>H]M*1,
Lemma 2.1 can also be expressed as below.

LEMMA 2.2.  The solution for the minimization problem (6) can also be
represented as

-1
t -1 -1
LffcM] = Lm (A[*LQ(J)HH]M A[H"HM]> Afpy - M

A special case of Lemma 2.1 (or equivalently Lemma 2.2), which appears
constantly in linear regression problems, is given below. It can be viewed
as a matrix analogue of Lemma 2.1. Let L be an n-vector, x be an m-
vector, X be an n x m full rank matrix with m < n and M be an n x n
positive definite matrix. The unique solution to the following minimization
problem

min LTML subject to LTX = 2T
LER™
is given by
L, =" (X"MX) T XTM
From the above key lemma, the main theorem on Gauss-Markov estima-

tion can be proved as shown below. Firstly, there are identifiability and
boundedness (continuity) conditions needed.

IDENTIFIABILITY CONDITION. A¢yg, k =1,...,m, are linearly indepen-
dent. (This condition ensures that By are identifiable.)

BOUNDEDNESS (CONTINUITY) CONDITION I. The linear mapping A is
bounded on Hi.

THEOREM 2.1 (Extended Gauss-Markov Theorem).  Assume that the
observational data come from the model of (1) and (2) with R having a
positive discrete spectrum and W satisfying (3). Also assume that the
identifiability condition and the boundedness condition I are met. Then
the BLUP for f is given by fBLUp = fFE + fRE with

fre = (AgM~1A40) " AzMY,
fRE = Oé_IWAT/VM_l (Y — AOfFE) s
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where

Ao = Apro—La())5
AS - [*LQ(j)_mO],
Aw = Ay —Lo(7)>

w = AlLy7) =)
a~t = 0%/02, M is the linear operator induced by the kernel M = R +
a" Wi with Wy = AW ADW(s,t), and W is the linear operator induced
by the kernel W.

Proof: Let L 34,]Y be an unbiased linear estimator for f(t) with L 31,
satisfying L ] Aimo—Hr] = {[t,Ho)- There are two possible cases.

Case I: Ayy is one to one and onto. Then the mean square error of
Lt #15)Y becomes

(Lign)Y — f(8)" = E(L(AS +0¢) — f(1))°
(L(6AWZ + o€) — 6 Z(t))*

(L(SAWZ + 0€) — 6l 10y (Aly Aw) T Ay A Z)

= 0*(L ® L)M — 26° (L @ L 74, (A3 Aw) T A3y) Wa + 82W(t,t),

E
E
E

where Wy, is the covariance kernel of AZ. Since that R has a positive
discrete spectrum and W4 has a non-negative discrete spectrum, M has a
positive discrete spectrum. Hence, it is straightforward to see that

Wa(¢,¢) = WM OMC, ),
where W4 is the linear operator induced by the kernel W4. One then has

(L ® L)M — 20" (L & g 34,1 (A Aw) "1 A3y) Wa
(L@ L)M —2a"" (L & g 30, (A Apw) T Ay WaM 1) M

(Ly ® LOM — a2 ((e[t,Hl] (A3 Aw) A WAM ) ®
(e[t,Hl] (A%Aw)_lAT/VWAM_l)) _/\/l7

where

L, = L—a Yyq0,)(AyAw) A WaM ™!
= L- ailﬁ[tHl]WA;vM*l
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It is noted that L, Ap, as a linear functional on Hj, satisfies the constraint:
Ly Aod = (o) — o i) WA M ™1 Ag) ¢

for ¢ € Hy. By Lemma 2.2, the mean square error F (L[t,HR]Y — f(t))2
is minimized by taking

- _ o — S I
L= (L p) — @ g WA M1 Ag) (AgM 1 Ag) ~ AgM .
Then, the optimal L is given by

Litr] = Llieol (AGM ™ Ag)THATM ™! +
o My WAM ™ (I — Ag(AGM " Ag) T AFM )

where I is the identity mapping on Hz. Therefore,
L n)Y = fre(t) + fre(D).

Case II: Ay is not one to one nor onto. Let H{}{}“ be the null space
of Ayy and let (H{)Vu“)l be its orthogonal complement. Then Z has a
unique decomposition Z = Z; + Zs with Z; in the null space and Z5 in the
complement. Now Ay is one to one and onto in (HJ3")~. The best linear
unbiased prediction of Z5 proceeds as Case I above. Meanwhile, it is not
hard to see that the BLUP of Z; is simply zero. Therefore, Theorem 2.1
also holds for Case II. Q.E.D.

The extension of Gauss-Markov type estimation to include nonpara-
metric models can be traced back to the work of Kimeldorf and Wahba
(1971). They considered a special model of (1) and (2) with random errors
e ~ N(0,R), random coefficients 8 ~ N(0,7), and a random component
Z(t) which is a zero mean Gaussian process with a known covariance ker-
nel, where Z(t), e and [ are stochastically independent. There is a subtle
difference between their approach and ours in dealing with the parameters
B. In Kimeldorf and Wahba (1971), the definition of unbiased estimation
for nonparametric models is the same as ours, i.e., it is conditioned on a
fixed but arbitrary 8. In addition to the unbiasedness, the criterion for
Gauss-Markov type estimation is to minimize the mean square error for
estimation of f. In their work, the parameters 3 are assigned a standard
normal distribution and the MSE is averaged over the distribution of [.
The Gauss-Markov type estimation so derived is guaranteed to be unbiased
for every fixed 3. However, the minimum MSE is not guaranteed for every
fixed @, but only guaranteed for averaging over 8 according to its distri-
bution. Our approach guarantees the unbiasedness and minimum MSE for
every fixed but otherwise arbitrary .
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In Wahba (1978), 5 ~ N(0,£1) and £ is let to approach infinity. For fixed
02, 62, and &, let E¢(f(t)|Y) denote the posterior mean of f(t) given Y.
Under normality assumptions, the posterior mean E¢(f(t)|Y") is the BLUP
in the sense that both the unbiasedness and the mean square error are
averaged over the distribution of § instead of conditioning on a fixed value
of 8. By letting £ — oo, the resulting estimate limg_ o E¢(f(¢)|Y) is BLUP
at design points (Speed 1991). This ‘BLUP at design points’ phenomenon
is re-illustrated in Wang (1998). Theorem 2.1 fills in the blanks for non-
design points. Furthermore, the BLUP for the bounded linear functional
of f can be derived similarly as in the next theorem.

THEOREM 2.2.  Assume the conditions of Theorem 2.1. Let Ly, be a
bounded linear functional on Hy. Then the BLUP for Ly, f is Ly, (fBLUp).

3. THE BLUP AND THE REGULARIZATION

The following regularization method is investigated:

Join —2Y, Afyrtr + (AS, Afyrr + ol P~ o (7)

where Py, 3, f is the projection of f in H; onto Hyy. Although often
that the sample path of Y does not belong to Hg, (Y, h) . is a well-defined
random variable for every h in Hy because the error process € with covari-
ance kernel R has the Karhunen-Loéve representation. Conventionally, the
above method in (7) can be regarded as a functional penalized least square
(PLS) method:

Join 1Y = Afll3er + ol P £l (8)

The above regularization can be connected with that discussed in Li (1982).

Let Aj 3,1, be a bounded linear mapping from H; onto Haz, a RKHS,
with the null space Hy. Our regularization method (7) or (8) penalizes
directly on the Hyy-norm of f, while Li’s penalizes on the Hs-norm of the
transformed f by As:

min —2<Y, Af>’)—(72 + <Af7 Af)'HR + Oé||A2f||312 (9)

feH

It is noted that the two spaces, Hyy and Hs, are topologically isomorphic
via Ag. Similar to Li (1982), the following boundedness condition is also
necessary.
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BOUNDEDNESS CONDITION II. Let Lay be a linear functional on H;
defined by Lay(g9) = (Y, A9) 1. Assume that Lay is bounded for the
realization of Y.

THEOREM 3.1. [t is assumed that the identifiability condition as well as
the two boundedness conditions I and II hold. Then the unique solution to
problem (7) is the BLUP, fprup, in Theorem 2.1 with a = o2 /§2.

Proof: Let the minimizer of (7) be of the form
fo=fo+ WAWM ™ h+p,

where fo is in Ho, h is in Hg and p is an element in Hyy which is orthogonal
to WA, M~ (Hg). Any element in H; has such a representation. It is
true that

p L WA, M~ (Hg) if and only if p L A}, M ' (Hg).
Then for every h in Hx one has
(Ap, M~ hYy = (p, AlyM~'h g, = 0.
Thus Ap = 0 and (8) becomes
1Y — Af|3e, + ol P£lI,,
= [V = A(fo + WA M )3, + ol [W AWM=+ plfZy,,

It is aimed to find fo, h and p to minimize the above expression. It is
evident that p must be zero. For an arbitrary fixed fy in Hy, let Y =
Y — Afy. The minimization problem now becomes

min IY — AW A, M 0|3, + o[ WA M h[3,, - (10)
€EHR

To solve the minimization problem (10), one considers h = a1 (Y + ha),
where ha is an arbitrary element in Hz. Then
¥ = AW A3y M~ bl 2, + allW A3, M~ bR,
= ||(I —a PAW A MY — o PAW A M hall3,,
+a WA MY + WA M hall,,, -

After expanding the squared norms || - ||3,. and || - ||3,,,, the sum of cross
. . . . r w
terms in the above expression is zero since

—2((I - a AW A5, MY, a*IAWA{,VM”hA>HR +
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20! <WA;VM—1Y, WA;VM—lhA>
Hw
— 2 <M*1Y/, orlAWA;VMflhA> +
Ly [TJ]
2ofl<A{,vM*1}7, WA;VM*hA> —0.
L»[J)
Thus the minimum for (10) is achieved by taking ha = 0. That is, the
solution for (10) is h = a~'Y.
The estimate h = 1Y is plugged into (10). Then one opts for fy that
minimizes

11— a™ AW A MY = Afo)ll7, +a” IWAWM ™Y = Afo)l[3,,-
(11)

To solve the minimization problem (11), one considers fo = >.;* | Brd.
The derivatives of (11) are taken with respect to i and set to be zero. Then
the optimal solutions for 35 are obtained by solving the resulting equations.
The calculations are straightforward and the details are omitted. We will
only state the result. The solution for the minimization problem (11) is
given by fo = fFE The estimate fy = fFE is then plugged into the optimal
solution h. The solution to the minimization problem (8) turns out to be

_ 7 —1 * —1 R
o — - )
f frE+a WA M (Y — Afrg)

which is exactly the BLUP in Theorem 2.1. Q.E.D.

REMARK 3.1. (Minimaxity). By Theorem 2.2 of Li (1982), Ly, (fBLUP)
is the minimax linear estimator of Lj3,1f for f in the class:

{f:feHr and [[Pflln,, <0}

The interesting connection lies between the ratio ¢/ in the model, the
tuning parameter « in the regularization method, and the upper bound ¢
in restraining functional norm ||P f]|,, for linear minimaxity.

REMARK 3.2. (Sobolev regularization for wavelet shrinkage). Consider
the nonparametric regression problem, i.e., A is the identity mapping in (1).
For every function f in Ls[0, 1], f can be represented by wavelet series. We
treat the scaling coefficients as fixed effects and wavelet coefficients as ran-
dom effects. Adopt the usual notations for scaling functions and wavelets.
Let ¢(t) be a scaling function and ¢ (z) be the associated wavelet function.
The dilations and shifts of ¢ and v are given by ¢; (z) = \/§¢(2j1' —k)
and ¢ (z) = \/51/)(2%3 — k) respectively. For a fixed resolution level j, f
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has the wavelet expansion as

F&) = fru(t) + fre(t) = Brdint) + 0> > ok ter(t),

k ©>5 k

where By = (f,¢jx) and dver = (f,¢ek). For scaling functions and
wavelets on the interval, both ), above are finite sums with the num-
ber of elements depending on the resolution levels. The scaling coefficients
B are fixed effects and the wavelet coefficients vy ;, are random effects with
zero mean and variance A\ = E'yt?, i for each resolution level ¢. Then f(t)
meets the prior model (2) with

W(s,t) =3 > Netbe i (£t k(5).

0©>i k

The corresponding regularization method in (7) or (8) has the following
penalty

AP fl3, = Y Y 1)/ A, (12)

05k

where « is the same as previously defined. With these particular choices
of ¢, ¥, penalty in (12) and A\, = O(272%), the procedure by (7) is a
Sobolev-type regularization (Huang and Lu, 2000).

4. THE NORMAL EQUATIONS

In this section, normal equations are derived from the regularization (7).
The model (1), the identifiability condition and both boundedness condi-
tions are assumed. The ¢ps are also assumed to be orthonormal because
one can always orthonormalize them if they are not the case. The solution
for (7) is of the form

falt) = Brow(t) + Y 1 (t).
k=1 v

It is clear that

—2(Y, Af ) + (Af, Af s + 0P flI5,,
= —2Y, Af)z + (A“AS, e, + a{P*PF, foas,

where A* = A[*HRHHl] and P* = P[;{W*)Hl].

sumption on L4y and the Riesz representation, there exists a unique hy

By the boundedness as-
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in H1 such that
LA,Y(g) = <Ya Ag)HR = (BYag>7‘i1

for all g in H;. Since hy can be written as hy = Z;nzl ardr + >, by,
the coefficients a; and b, can be calculated via

ap = <ily,¢k>'}-(1 = <Y, A¢k>HR; k= 1,...,m
and

by = Moy, ), = MY, A ) pr, v =1,2, ...

By the arguments of Theorem 2.1 in Li (1982), fu(t) = (aP*P+A*A) " hy.
Then

m

falt) = (aP*P+A*A) ! <Z<A¢k,y>ﬂﬁ¢k(t) + Z<A¢V,Y>HR>\V¢V(15)> .

k=1
Therefore, we have the following normal equations.

THEOREM 4.1. Assume that ¢rs are orthonormal. The normal equations
are given by

<(15k, (A*A+Oz71P*P)f >'H1 = <Y, A¢k>'HR7 k= 1,...,m, (13)
(Y, (AXA+a ™ 'P*P)f Vo, = (Y, AY)np, v=1,2,... (14)

5. GENERALIZATION TO AFFINE MAPPINGS

In this section, it is assumed that the signal f is observed through an
affine mapping A with random noise:

Y = Af + o€, (15)

Af = Boho + Af, (16)

where A is a linear mapping, hg is a known function in Hx which is or-
thogonal to A(Hyp), and f§y is a fixed but unknown parameter. The above
orthogonality requirement for hg to A(Hp) can be relaxed to a condition
that hg is linearly independent of the space A(Hp). The parallel results of
Theorems 2.1 and 3.1 are given in Theorems 5.1 and 5.2 respectively. The
proofs are similar and omitted.
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THEOREM 5.1 (Extended Gauss-Markov Theorem).  Suppose that the
model (1) in Theorem 2.1 is replaced by (15) and (16). Under the same
conditions in Theorem 2.1, the BLUP for f in (15) is given by fprup =
fre + frE wWith

fre = (AJM~'A0) " ASM =Y (Y — Boho)
fRE = Oé_IWAT/vM_l (Y — Boh — AOfFE) 5

where

Bo = (ho, M™'Y) 1, (7y/(hos M ho) 1, ()

and all other notations are defined as in Theorem 2.1.

Notice that, if hg is only independent of A(Hp) instead of orthogonal to
A(Hop), the above estimate of Gy should be modified accordingly.

THEOREM 5.2. Assume the identifiability condition as well as the two
boundedness conditions I and II hold. Then the unique solution to problem

J{Ielgll —2(Y, Af )1 + (Af, AfYrir + all Pt —aty0 Fll30 (17)

is the BLUP, fBLUp, in Theorem 5.1 with o = 02 /6.

6. EXAMPLES AND DISCUSSION
A few selected examples are briefly discussed below.

ExAMPLE 6.1. (Linear mixed-effects regression models). They are spe-
cial cases for the problem considered in this article. Consider the lin-
ear mixed-effect model Y = X3 + Zv + o¢, where Var(e) = R and
Var(y) = 0°W. Then 7 = {1,2,...,m+r}, J ={1,2,...,n}, A= (X, 2),
A* = (Xa Z)TR_la P = diag(omxmajrxr)a Pr = diag(Ome,W_l) and
f=(BT,7")T. Plugging into Theorem 4.1, one can easily get the normal
equations

XTR™1X XTR™1Z B\ ([ XTR Y
ZTR1X ZTR'Z+aW™! v )\ ZT'R Y )’

where a = 02/6%. The resulting estimates for 3 and ~ are BLUP.
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ExAMPLE 6.2. (Nonparametric regression, continued from Remark 3.2).
Y, =f(t;)+oe, i=1,...,n.

Suppose that we have iid observations Y; at uniform design points. Write
f in terms of the wavelet expansion

F@&) =" Brdjn(®) +6> > e brr(t).
K

> k

The reader is referred to Huang and Lu (2000) for the BLUP, the associated
Sobolev regularization and an asymptotic equivalence of the BLUP. The
asymptotic equivalence of the BLUP can be shown to be

o N 5 . B 0'2/n o
feLup(t) ~ Z};ﬂk%,k(t) +Y N <1 P o in 0'2/7’L) e,k Yek(t),

0>k

where Bk and CZg,k are empirical wavelet coefficients given by
1< 1<
= — ik(t:)Y; and dpp = — t;,)Y;.
P = — ; bjk(t:)Yi and dyy - ;W,k( )

Since Ed3, =~ 0%\ + 02/n, the quantity 62X, + 0%/n can be estimated
by d%k. Thus the BLUP practically provides a useful guidance for the
nonlinear estimator proposed below:

bt = S esat) + 3 (1 2] deevunt
k +

>5 k 0k

where c is chosen by the generalized cross validation.

EXAMPLE 6.3. (Deconvolution).

1
Yf/ K(t; = t)f(t) dt + o€, i=1,....n.
0

Suppose that we have iid observations Y; at uniform design points and
that the convolution kernel K is known. Write f in terms of the wavelet
expansion

F=> Bubin+ YD vertey fora fixed j,

kez 1> kez
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where 0B, = (f,¢jx) and yer = (f, e k). Assume that the convolution
kernel K satisfies the condition:

K xu =0 if and only if u is a zero function.

Let
K*w) = / K (z)e ™" dz,
5w) = [ i) e,
Yip(w) = /W,k(w)e"'”dx,

$jn(z) = %/¢}:k(w)(K*)—1(w)eiwxdw7
en(a) = %/wﬁ,k(w)(K*)*l(w)erw,

Then the two sets, { K «¢; p, K%, £>j, k€ Z} and {q3j7k, ’l;g,k, {>
Jj, k € Z}, are both a complete basis for Ly(I). Moreover, they are bi-
orthogonal dual bases. Then the empirical coefficients are given by

1 -
= — ik (L Y;;
6k ni§:1 ¢],k( )
R
ik = = > Penlt)Ys
Ye,k n & Vex(ts)

The BLUP can be derived as shown below:

(D)= {0 (@2))(5) o

where X is the design matrix (including fixed- and mixed- effects) based
on {K*¢;i(t;), K« p(t;): ke Z,£>j,i=1,...,n}and A is a diagonal
matrix given by A = diag(A;, A\j41,...)". Parameter selections for A and
A¢ are important. Again, (18) serves as a guidance of possible nonlinear
estimators for f with plug-in parameter estimates. However, it is not the
main interest of this article and we will omit further discussion.

Hence, the extended Gauss-Markov theorem for nonparametric mixed-
effects models provides theoretical enlightenments for a large spectrum of
problems. The perspectives of BLUP, PLS, regularization, and minimaxity
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have interesting connections as demonstrated in this article. These results
combining with the approximation tools, like splines or wavelets, can shed
light on the reconstruction of signals from noisy data. In particular, the
connection between the estimated coefficients and unknown parameters can
be used to explore effective nonlinear estimators (or predictors) adaptively
with the oracle provided by the extended Gauss-Markov theorem.
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